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ABSTRACT

A model is suggested that predicts the velocity and geometrical characteristics of
the plasma rotation in the Livermore spheromak. The model addresses the “good
confinement” regimes in this device, where the typical length of magnetic field lines
before their intersection with the wall (this length is called “connection length” below)
becomes large enough to make the parallel heat loss insignificant. In such regimes, the
heat flux is determined by the transport across toroidally-averaged flux surfaces. The
model is based on the assumption that, entering the good confinement regime, does not
automatically mean that the connection length becomes infinite, and perfect flux surfaces
are established. It is hypothesized that connection length remains finite, albeit large in
regard to the parallel heat loss. The field lines are threading the whole plasma volume,
although it takes a long distance for them to get from one toroidally-averaged flux surface
to another. The parallel electron momentum balance then uniquely determines the
distribution of the electrostatic potential between these surfaces. An analysis of viscous
stresses shows that the toroidal flow is much faster than the poloidal flow. It is shown
that the rotation shear usually exceeds by a factor of a few the characteristic growth rate
of drift waves, meaning that suppression of the transport caused by the drift turbulence
may occur, and a transport barrier with respect to this transport mechanism may be
formed. The model may be useful for assessing the plasma rotation in other spheromaks
and, possibly, reversed-field pinches and field-reversed configurations, provided a certain
set of applicability conditions (Sec. II) is fulfilled.

PACS Numbers: 52.55.1p; 52.55.Hc; 52.30.-q
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L. INTRODUCTION

The spheromak is an extreme example of a magnetically self-organized toroidal
system, where the conversion of the poloidal to the toroidal current occurs via the
magnetic reconnection process [1,2]. This process, generally speaking, leads to the
magnetic field lines stochastization. In the regime of spheromak formation, early in the
pulse, where the reconnection process is active and the system is far from the relaxed
Taylor-like state, the field lines between their intersection with the walls of the vacuum
chamber are short, and the confinement is dominated by the heat loss along the field
lines. However, when a state close to a relaxed state is formed, the magnetic fluctuations
decrease, and the field line length becomes so large that the cross-field heat transport
takes over the parallel transport. In this regime, electron temperature and density become
approximately constant over flux surfaces of the toroidally-averaged magnetic field (we
will use a shorter term “toroidally-averaged flux surfaces” and an acronym “TAFS”
throughout the paper), and this is a regime that we are going to study in this paper.

The aforementioned transition has been identified both experimentally [3] and in
numerical simulations [4, 5]. The parallel confinement time for a poor confinement
regime was evaluated in Refs. [6,7]. The statistics of the field line lengths was studied in
Refs. [8, 9].

Leaving the detailed discussion of the model used in this paper until Sec. II, here
we just mention our key hypothesis, which is that transition to the good confinement does
not mean the flux surfaces suddenly become perfect. We hypothesize that even in the
regime of a good confinement they remain “fuzzy”, and the plasma interior remains

connected to the cold external plasma along the field lines, albeit the connection length



becomes very large. The analysis of the electron parallel momentum balance then shows
that the plasma potential is constant over TAFS, meaning that toroidal rotation frequency
is constant over TAFS (Secs. III, IV). All these predictions could be verified
experimentally. The rotation frequency, generally speaking, varies from one flux surface
to another, i.e., the rotation shear is present. The rotation shear may be large and may
lead to the suppression of the drift-wave turbulence and, possibly, to the formation of
transport barriers with respect to the drift transport.

We concentrate on the parameter domain typical for the Livermore spheromak
SSPX (Sustained Spheromak Physics Experiment), although our analysis may be
applicable to other devices, provided that applicability conditions specified in Sec. II are
satisfied. A rough schematic of TAFS in SSPX is shown in Fig. 1. As a characteristic set
of parameters, we take the ones presented in Table 1 based on Refs. [3, 10, 11]. The
following notation is used in TABLE 1 and throughout the paper: R, is the distance
between the geometrical and magnetic axis, as is characteristic “radius” of the last closed
flux surface, n, T, and Z., are the density, electron temperature and the parameter
characterizing the presence of higher-Z ions, respectively, Br and Bp are the toroidal and
poloidal magnetic field strengths near the outer wall. In the Table, we cite some
“characteristic” electron temperature, averaged over the confinement volume; the
maximum temperature was approximately 350 eV [10, 11].

In TABLE 2, we present some relevant derived parameters corresponding to the
numbers mentioned in TABLE 1. The following notation is used: v,; is the electron-ion

collision frequency, A.; is the electron-ion collision length, N is a number of mean free



paths over the toroidal circumference, cg=+/27,/m;, and p;* is the ion gyroradius

evaluated for the electron temperature, 0, = ¢/,

II. THE MODEL

We consider regimes of a good confinement, where the characteristic field line
connection length L (which we define as a characteristic distance along the field line
between a point in the plasma interior and the separatrix) becomes so large that the
parallel heat loss becomes negligible. At the same time, we hypothesize that this length
still remains finite (albeit large) so that any point inside the plasma still remains
connected to the cold plasma near the separatrix. This is a hypothesis, not a proven fact.
But we believe that transition from a poor to a good confinement is gradual, so that the
parameter L does not jump from some large value to infinity in the form similar to the
phase transition. We analyze the consequences of this hypothesis and come up with
predictions regarding the plasma rotation that can be verified experimentally, thereby
proving or disproving the main hypothesis.

Note that there are no rotation measurements in good confinement regimes of
SSPX experiment. There are some indirect indications that the rotation may be present. In
particular, in order to make magnetic fluctuation spectra consistent with experimental
spectra, a rotation with a frequency /=20 kHz was imposed in the numerical simulations
of SSPX [5]. As we shall see, this frequency is consistent with our model, although there
is no way for a more detailed comparison at present. Rotation at the formation phase may
also be present (see Refs. [12, 13] and references therein), but our model cannot be

applied to this case because of a short connection length during the formation phase. We



also note that in the NIMROD simulations [9], a slow rotation of the modes was observed
when two-fluid effects were included.

Small magnetic fluctuations and the large connection length mean that the field
line makes many revolutions in toroidal and poloidal directions before it goes far away
from the flux surface where it has originated from. This means that the electron
temperature will be constant over the flux surface. The plasma density will also equalize
over the flux surface.

The main point of our hypothesis is that the plasma interiors still remain
connected to the periphery, although connection length is large, so that the time for
establishing the temperature equilibrium along the field line is large compared to the time

of cross-field loss. The heat balance equation can be schematically presented as:

3 dT 3nT 3nT
—n € — ¢ _— ¢ +QJ’ (1)
2 dt 21 271,

where the first term in the right hand side (RHS) describes the parallel heat loss, with 7,
being the heat conduction time proportional to L?, the second term relates to the
perpendicular heat conduction, and Q; is the heat source (predominantly Joule heating for
the conditions of SSPX experiment). As mentioned, at large-enough L, the condition
7, > 7, would be met, and the first term in the RHS would become negligible, meaning
that in the quasi-steady state the temperature would vary according to the balance of the
second from the last and the last term. This can also be formulated as the following
statement: the time for establishing the parallel heat balance is much greater than the
experimental confinement time. The radial temperature profile will be established as a
result of balancing heat sources and cross-field diffusion. We do not need to specify the

mechanism of the cross-field energy loss, be it the anomalous transport associated with



drift-wave (or other) microturbulence, or, as an extreme case, a classical ion thermal
conduction. What we need, is just the experimental estimate of the confinement time 7.

The parallel confinement time can be roughly evaluated as (Cf. Refs. [6,7])

LZ
T, ~ > (2)
4)\’eiVTe
or, in “practical” units
2 -3
Z,.|L

[T.eV)]™

According to Eq. (2), the condition 7, > T is met for L exceeding some critical length L,
L>L =2+A,v, T, . (4)

For the “characteristic” regime described by Table 1, this condition is met for L>100 m.
The absence of the parallel thermal equilibrium does not mean that there is no

mechanical equilibrium of the electron gas along the field line. Indeed, the parallel

momentum equation for the electrons is [14]:

mn dv, =— dnT,) _ 0.71na—Te + ena—(p (5)

dt Js 0s Js

and, because of a small electron mass, the inertial term in the left-hand side (LHS) can be
neglected (compared to, say, pressure term in the RHS) for not-too-large connection
lengths. Indeed, relating the change of the plasma parameters along the flux tubes to the

time 7, , one can write this condition as

mnL nT,
<, (6)
T, L
or
L<L,=v,T, . (7)



The meaning of the other terms in the RHS of Eq. (5) is as follows [14]: the
second term describes the thermal force acting on the electrons, and the third term is the
effect of a static electric field. The numerical coefficient 0.71 in front of the thermal force
corresponds to a purely hydrogen plasma; it is slightly larger for the plasma with Z,;=2,
but we neglect this difference. Strictly speaking, one should have added two more terms
to the RHS of Eq. (5): the friction force caused by the presence of a parallel current,
m,v,.j,/e, and the electric force —enk) caused by the vortex electric field that drives this
current. However, these two forces cancel each other, m,v,j, /e —enE, =0, and do not
contribute to the momentum balance, Eq. (5).

For the parameters of Table 1, L, is 2000 m, i.e., much greater than L; (Eq. (4)).
In other words, field lines may be long enough so that the parallel thermal equilibrium is
absent, but the parallel mechanical equilibrium is present. This is exactly the regime for
which our model should work.

In this regime, the plasma temperature and density are, to a high accuracy,
constant over TAFS; on the other hand, every point inside the plasma is still connected
to the vicinity of the wall, just the connection length is large. This is a regime which we
assess in the rest of the paper.

III. POTENTIAL DISTRIBUTION INSIDE THE PLASMA

Denoting by ¥ the poloidal magnetic flux enclosed by some flux surface (we
measure ¥ from the magnetic axis where it is zero), one can state that 7, =7, (W),
n = n(W). This simultaneously means that one can consider the temperature as a function
of density, 7, =T7,(n). [If the density is a non-monotonic function of the flux, this

e

dependence may have more than one branch, but this does not change anything



substantial in the further analysis.] With this observation in mind, one can rewrite Eq. (5)

as:

0 J
99 _ 9

®)

T dn d
os Js {nT;”E(Mﬁm)

where 7, is the density in the vicinity of the separatrix (which, in the case of SSPX, is
very close to the wall). Integrating this equation from the separatrix to the plasma core,
we find:

o

171
7 an ") ®)

(P(PS"'I

The plasma at the separatrix and outside it is much colder than the plasma in the core, and
the potential variation in this zone is also small. So, we neglect the term ¢, in Eq. (9) and

obtain:

1 dn d
v L) 1o

As n and T, are the flux functions, so is the electrostatic potential determined from
Eq. (10). In other words, according to this analysis, the potential is constant over each
flux surface. This, in particular, means that the electric field has only a normal (to the
flux surface) component E,. The normal distance between two flux surfaces separated by

the flux AW'is AW/2aRB,, where R is the major radius of the observation point and B, is
the magnetic field at this point. Accordingly, £, can be evaluated as:

2nRB f
E, =-27RB, P __ Pif d’gﬂi(n]j”) .
Pow e ¥, nT, " dn

2][RB (T on

n 0711‘ ) (1

e

IV. EVALUATION OF THE ROTATION VELOCITY



To find the rotation velocity in the presence of the electric field normal to the flux
surfaces, we consider three components of the momentum equation for the ion guiding

centers. The normal component is:

1 1
e(En ——v,B, +—V,B, |=0 (12)
C C

We assume that the ions are colder than electrons, 7;<7,, and neglect the gradB force and
the centrifugal force in this equation. Their ratio to the first term in the Lh.s. is ~T/T..
The assumption 7;<7T,, may have a justification in the SSPX case, where the dominant
heating mechanism in the quiescent, good confinement mode, is Joule heating, which
predominantly heats electrons. We will discuss possible changes in our predictions for
the 7~T, case in Sec. VL.

The toroidal component is:

1 visc
~ViB, + [ =0, (13)

(visc)

where f;" ~mm v,/ a’ is a viscous force caused by the possible shearing of the

toroidal flow, with n i~p,-2v,-,- being a shear kinematic viscosity [14]. Here p; is the ion
gyro-radius, and v; is the ion-ion collision frequency.

The poloidal component is:
1 (visc)
__VnBT+fP =O ’ (14)
c
with £ ~mn V! a’ being the poloidal viscous force, and 1]H~)Lq-2 v;; being the parallel

kinematic viscosity [14]. Here 4; is the ion-ion mean free path. The parallel viscosity

comes into play due to the fact that, in such a tight-aspect-ratio system as the spheromak



is, the continuity of the poloidal flow leads to an order-of-one variation of the poloidal
velocity over the flux surface.

By noting that, in a spheromak, the poloidal and toroidal components of the
magnetic field are of the same order of magnitude, B,~Br, and eliminating v, from Eqs
(13) and (14), one finds that £/ £ ~1 and, accordingly, v,~(0: IA)vi<<vr. In
other words, one can expect that the poloidal velocity in a spheromak will be much less
than the toroidal velocity. Then, neglecting the poloidal velocity in Eq. (12), one finds the

following simple expression for the toroidal velocity:

E _2.7'L’CR i
B, e MW

'~ d d 2
fWZJI%(nT;.ﬂ) =_#§§]%( T1.71)

ng

(15)

e

We have used Eq. (11) for the electric field. There is no singularity in the toroidal
velocity at the magnetic axis.

The angular frequency of the toroidal rotation, €2 = v, /R, is equal to:

2mc d

e W

nT’"" dn B enT’" FY

}_dn i(”ﬁjl)]: 2mc (nT;.ﬂ) (16)

The rotation frequency is a flux function, i.e., it is constant at any given flux surface; on
the other hand, it may vary from one flux-surface to another, i.e., a shear in the toroidal
rotation may be present. The velocity shear can be characterized by the quantity of the
dimension of frequency,

IQ
w =27B,R* — 17
P (17)

One can check that, for the function nT'"" monotonically decreasing in the radial
direction, the rotation occurs in the direction of the toroidal current. By the order of

magnitude, the rotation velocity is c¢ o, /a;, where ¢,=(2T./m;)"” is the ion sound
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velocity, and p;*=csg/w,;. In other words, the flow is deeply sub-sonic and does not have
any significant influence on the plasma equilibrium.

V. SIMPLE EXAMPLES

A. Potential distribution

Egs. (10) and (16) allow one to find the radial distribution of the electrostatic
potential and rotation frequency for the known distributions of the density and electron
temperature. In order to have some general idea of the possible results and in order to
have simple analytic expressions suitable for quick scoping analyses, we consider the
simplest possible model of the plasma, where the spheromak is “rectified” in the toroidal
direction, to form a periodic cylinder, with the axial period 27R,, where Ry is the radius
of the magnetic axis in a real spheromak (Fig. 1). We further assume that the flux
surfaces are just nested concentric circles. We will then associate the rotation frequency
with vi/Ry. The toroidal current density will be assumed to be uniform, meaning that the

poloidal magnetic field scales as

B, = Bpy— (18)

dg
where 7 is the distance from the magnetic axis, a; is a radius that would mark the
location of a separatrix in a real geometry, and Bps is the magnetic field at this radius.
This is, of course, a very crude model, but still sufficient to make order-of-magnitude
estimates and identify some trends.
The radial dependences of the electron temperature and plasma density will be

parametrized as

2 2
T, =T, exp(—r—z); n=n, exp(—%), (19)
a

ar
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where subscript “0” designates the quantities at the magnetic axis, and the parameters ar
and a, are length-scales of the radial variation of the temperature and density. They are
related to the values of 7, and »n at the outermost flux surface r=as:

a; =a,/In(T,,/T,); a’ =a;/In(n,/ng). (20)

Using these equation and Eq. (10), one finds:

In(ny /ng) + 171 In(T, /T |(n ) (ng) |T, @
In(T,, /T) ngy ngy e
where
_In(Teo /T5) (22)
In(n,/ng)
The potential at the magnetic axis (where n=ny) is
_In(ny/ng)+1.71-In(T,, /IT,s) T, 23)
' In(7,/T,5) e
B. Toroidal velocity distribution
Using Eqgs (15) and (21), we find the toroidal velocity:
2c|1 / 1.71-1 IT, r?
vy ==t 2t ) AT T T T =T o f oy )| 4)
B, dr eBpga; a;
The corresponding angular frequency Q=v7/R) is
| / 1.71-1 IT 2
Q= 2¢[InGay /) + (T 1T T2 )exp —r—zln(T T.,) (25)
eBysagR, s

The graphs of the angular frequency are presented in Fig. 2. We see that the
rotation frequency f=€2/2 is maximum near the magnetic axis, where it is in the range of

10-15 kHz, and becomes smaller near the separatrix, where it is in the range of 1-1.5 kHz.
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The radial shear, which in the”rectified”case is w=R,d<2/dr, is

2

4c[1n<no/ns)+1.71-lna;o/zs)][lna;o/?;s)](no—Tes)rexp(_r_ln(T p )) 26)

w =

eBygag dg
The maximum shear is
o - 4c[In(ny/ng) +1.71-In(T,, /T, ) |\In(T, /T, ) (T, - T.5) 27
e eBPSaéw/Z

The graphs of the radial shear normalized to the “Bohm frequency” w, = cT,/eB,sa; are
presented in Fig. 3.

VI. DISCUSSION

The main assumption of our model is the assumption that the interior points of the
confinement volume are connected to the walls along the field lines, which are very long
in terms of the parallel heat loss but short in terms of the parallel electron equilibrium. In
other words, our model is based on the hypothesis that the “disconnection” from the walls
during the transition to a good confinement regime does not occur instantaneously, and
the connection length does not jump from the finite value in a poor confinement mode to
infinity in a good confinement mode, but rather increases gradually.

In the regime of the good confinement the concept of nested flux surfaces
acquires a quantitative meaning, with the electron temperature and plasma density
becoming flux functions to a high degree of accuracy. This, however, does not prevent
the electrostatic potential from being translated from one flux surface to another along the
field lines that connect them, Eq. (5). The potential distribution that follows from this
model is expressed by Eq. (10).

The model predicts rotation velocity which is significantly smaller than the sound

velocity c¢,; therefore, one should not expect any strong effect of the rotation on the
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plasma equilibrium. On the other hand, the presence of the shear in the rotation frequency
may have a stabilizing effect on drift instabilities which may be responsible for the
plasma transport in the regimes of a “good” confinement. Indeed, the characteristic
growth rate of most of the branches of the drift instability is typically less than [15]

cT
~—c 28
14 Ba: (28)

A rough qualitative criterion of a significant stabilizing effect of the shear on the
instability (used in the physics of a turbulent transport in tokamaks) is: w>y (see Ref. [16]
for a survey). In the zone of the largest gradient of the electron temperature this condition
is satisfied by a margin of 3 to 4 (Eq. (27) and Fig. 3). Therefore, one can expect a
favorable effect of rotation on the plasma losses. As the shear in our model is associated
with the gradient of the electron temperature (and, to a lesser degree, to the gradient of
the plasma density), there is a possibility for the spontaneous formation of the transport
barrier: the steepening of the temperature profile will increase a shear and give rise to a
stronger suppression of the drift modes, thereby causing further reduction of the
transport.

Note that steep temperature gradients have in some cases been observed at the
SSPX facility (see, e.g., the lower panel in Fig. 7 of Ref. [4]). However, it would be
premature to explain them by the mechanism of shear stabilization of drift modes, as they
were probably associated with the chain of rather “fat” magnetic islands (see the upper
two panels in Fig. 7 of Ref. [4]), and the gross change of the field line topology might be
a more important factor in their formation. Direct measurements of plasma potential
and/or plasma rotation would be needed to evaluate the role of shear-flow stabilizaion in

this case.
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The model works until the field lines are not too long. In the case of a spheromak,
the upper bound on the field line length is determined by Eq. (7). Other factors that may
limit the field line length are collisionless effects associated with Landau damping for the
parallel motion. However, in the case of the SSPX spheromak (as well as other present-
day spheromaks of a comparable size), the plasma is quite collisional, with the ratio N of
the spheromak toroidal circumference 2zR to the Coulomb mean free path A.; being of
order 1-4, depending on the temperature. This makes collisionless effects not very
plausible.

On the other hand, if the regimes with significantly higher temperatures are
reached in SSPX, various collisionless effects may become important, meaning that Eq.
(10) will become invalid and direct relation between the local potential and local
temperature and density will break down. Also, the condition of L<L; may break down.
In these regimes, much more subtle effects would determine both the plasma potential
distribution and the plasma rotation, the effects similar to those governing plasma
rotation in tokamaks and largely related to the neoclassical effects (see Ref. [17] for an
excellent survey).

Possible applicability of our model to reversed-field-pinches and field-reversed
configurations would require additional analysis. It should also be remembered that our
model is based on the hypothesis and plausibility arguments, not on the first-principle
theory.

In the discussion of the plasma flow, we used assumption that the ion temperature
is smaller than the electron temperature, and the forces associated with the non-

uniformity of the magnetic field in the ion momentum equation (12) are negligible. For
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T~T,, the term ~ T/a, would have to be added to the RHS of Eq. (12). On the other hand,
the electric force eE, evaluated from Eq. (11) contains additional numerical factor ~ 4-5
compared to a simple estimate of 7,/a,. Therefore, the gradB force should not cause a
significant change in our predictions for 7~7.. However, if 7; becomes a few times
higher than 7,, our predictions regarding the rotation break down. This sets one more
applicability limit for the present analysis.
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TABLE 1. Characteristic plasma parameters for SSPX

Spatial and temporal Plasma parameters Magnetic field (in the
characteristics equatorial plane near the wall)
Ry, cm as,cm T, ms n, em® T weV  Zy Byp, kG Bp, kG
25 25 0.3 10 100 2 3 3

TABLE 2. Some derived parameters for SSPX

Vei, gt Aei, CM N=27Ry/As; cs, cm/s pif, cm

3.5-10° 150 1 1,510’ 0.5
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Figure captions

Fig. 1 The geometry of the problem. Shown is a set of flux surfaces for the toroidally-
averaged magnetic field; O is the magnetic axis, R is the distance between the
geometrical axis and a given point on a flux surface; Ry is this parameter for the magnetic
axis; a; i1s a characteristic “radius” of the last-closed flux surface. In spheromaks,

typically, a,~Ry. Thick lines depict conducting walls of the flux conserver.

Fig. 2 The radial distribution of the rotation frequency [Eq. (25)] for n¢/ns =2, and

T,s=20eV; central temperatures are indicated by the curves.

Fig. 3 The shear w [Eq. (26)] normalized to the Bohm frequency wz=cT. e()/eBPSClTZ for
no/ns=2, T.s=20 eV, and the temperature at the magnetic axis 7,,=100 eV (curve 1), 150
eV (curve 2), and 200 eV (curve 3). One sees that velocity shear exceeds the Bohm

frequency over most of the plasma volume.
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